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Abstract: To remedy the failure of minimal coupling method in describing the quantum dynamics
of two localized Brownian oscillators interacting with a common medium, a scheme is introduced
to modeling the medium by a continuum of complex scalar fields or equivalently two independent
real scalar fields. The starting point is a Lagrangian of the total system and quantization is
achieved in the framework of canonical quantization. The equations of motion, memory or response
functions and fluctuation-dissipation relations are obtained. An induced force between oscillators is
obtained originating from the fluctuations of the medium. Ohmic regime and Drude regularization
is discussed and the positions of oscillators are obtained approximately in large time limit and weak
coupling regime.
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I. INTRODUCTION
Quantum dissipative systems are fundamental to many fields of physics: quantum optics [1–4], super conductivity,
quantum tunneling[5], quantum information[6], diffusion processes and quite generally open quantum systems [7]. In
order to describe a dissipative system quantum mechanically there exists two main approaches. In the first approach,
the loss of energy is phenomenologically introduced by modifying the Lagrangian or Hamiltonian of the system. In
this approach usually a fundamental feature of quantum mechanics, for example the uncertainty relation is violated
[8, 9]. In the second approach, instead of modifying the Lagrangian or Hamiltonian of the main system, another
system usually known as the heat bath or reservoir is considered and the total system known as system plus reservoir
interact with each other usually in a linear way to have dissipation on energy or phase. In this approach, the dynamics
of the system is described by Langevin equation [10, 11]. The reservoir is modeled by an infinite set of harmonic
oscillators and a suitable coupling between the system and reservoir is considered [12–14, 17]. Since the start point is
a classical Lagrangian of the total system, the canonical quantization can be achieved systematically and consistently.
The total system can also be quantized in the frame work of the path integrals. In this case effects of environmental
degrees of freedom on the main system can be investigated using the Feynman-Vernon influence functional by tracing
out environmental variables [15, 16].
In the present paper, following the second approach, the dynamics of two localized Brownian oscillators embedded
in a common medium is investigated. The minimal coupling method which has worked successfully in a variety of
problems [18–20], now suffers a major shortcoming for this problem. Quite unexpectedly it leads to a non dissipative
equation of motion for the relative distance between the oscillators which is not physically acceptable in a dissipative
medium. In order to remedy this deficiency, We have proposed a scheme in which the environment oscillators are
modeled by a complex field consisting of two independent real scalar fields. This assumption leads to consistent results
[21] and also provides us with a better understanding of the dynamics of the system.
The layout of the present work is as follows: In Sec. II, the model is introduced and starting from a Lagrangian
the total system is quantized in the framework of canonical quantization approach. In S. III, the equations of motion
are found, the memory or response functions are defined and fluctuation-dissipation relations are determined. In
this section also an induced potential or force between oscillators is obtained originating from fluctuations of the
medium. In Sec. IV, Ohmic damping and Drude regularization is discussed and the positions of oscillators are
obtained approximately in large time limit and weak coupling regime. Finally, conclusions are given in Sec. V.
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2II. THE MODEL LAGRANGIAN
The system which we are considering here consists of two one dimensional harmonic oscillators localized around the
positions x = 0 and x = d respectively. The oscillators interact with a common medium causing an indirect interaction
between oscillators. In order to investigate the quantum dynamics of the system we use the system plus reservoir
method in which the heat bath is modeled by a continuum of complex fields Yν consisting of two independent real
scalar fields
Yν = yν + izν , (1)
the Lagrangian of the whole system is
L(t) = LR + Ls + Lint, (2)
where
Ls =
1
2
Mx˙21(t) +
1
2
Mx˙22(t)−
1
2
Mω20x
2
1(t)−
1
2
Mω20x
2
2(t), (3)
is the lagrangian of the oscillators and
LR =
1
2
∫ ∞
0
dν (Y˙ν Y˙
∗
ν − ω
2
νYνY
∗
ν ), (4)
is the lagrangian of the heat bath. The dispersion relation may be taken arbitrarily but here we consider a linear
dispersion relation ων = u0 ν where u0 can be considered as the speed of propagation (sound) in the medium. If we
rewrite this Lagrangian in terms of its constituent fields, we have
LR =
1
2
∫ ∞
0
dν (y˙2ν − ω
2
νy
2
ν + z˙
2
ν − ω
2
νz
2
ν). (5)
The interaction lagrangian is defined by
Lint =
∫ ∞
0
dν (yνRe[fν(x1) + fν(x2)]− zνIm[fν(x1) + fν(x2)]), (6)
where the real and imaginary parts of the complex field are coupled with the real and imaginary parts of the function
fν(x) respectively.
The canonical conjugate variables corresponding to the dynamical variables of the system and the heat bath are
pi(t) =
∂L
∂x˙i(t)
=Mx˙i(t), (i = 1, 2),
pν(t) =
∂L
∂y˙ν(t)
= z˙ν(t),
qν(t) =
∂L
∂z˙ν(t)
= z˙ν(t). (7)
To quantize the whole system, the following equal-time commutators, among the variables and their conjugates, should
be imposed
[pˆi(t), xˆj(t)] = i~ δij , (i, j = 1, 2),
[pˆν(t), yˆν′(t)] = i~ δ(ν − ν
′),
[qˆν(t), zˆν′(t)] = i~ δ(ν − ν
′). (8)
Using definitions (7), Hamiltonian of the whole system is obtained as
H =
pˆ21(t)
2M
+
pˆ22(t)
2M
+
1
2
∫ ∞
0
dν
[
pˆ2ν(t) + ω
2
ν yˆ
2
ν(t)
]
+
1
2
∫ ∞
0
dν
[
qˆ2ν(t) + ω
2
ν zˆ
2
ν(t)
]
+
∫ ∞
0
dν
{
zˆν(t)[f
I
ν (xˆ1(t)) + f
I
ν (xˆ2(t))]− yˆν(t)[f
R
ν (xˆ1(t)) + f
R
ν (xˆ2(t))]
}
. (9)
3Hamiltonian can also be rewritten in terms of creation and annihilation operators of the system and the heat bath
which is more suitable for state transition calculations in the framework of Fermi’s golden rule formula which we do
not discuss it here. In order to do so we define the following ladder operators for the main system
aˆj(t) =
√
Mω0
2~
(xˆj +
i
Mω0
pˆj), aˆ
†
j(t) =
√
Mω0
2~
(xˆj −
i
Mω0
pˆj), (10)
and the heat bath
Aˆν(t) =
√
ων
2~
(yˆν +
i
ων
pˆν) Aˆ
†
ν(t) =
√
ων
2~
(yˆν −
i
ων
pˆν),
Bˆν(t) =
√
ων
2~
(zˆν +
i
ων
qˆν) Bˆ
†
ν(t) =
√
ων
2~
(zˆν −
i
ων
qˆν). (11)
Hamiltonian can now be rewritten as H = H0 +Hint,
H0 = ~ω0(aˆ
†
1aˆ1 + aˆ
†
2aˆ2) +
∫ ∞
0
dν ~ων(Aˆ
†
νAˆν + Bˆ
†
νBˆν),
Hint =
∫ ∞
0
dν gν
√
~
2ων
{
(Bˆ†ν + Bˆν)
[
sin(ν
√
~
2Mω0
(aˆ1 + aˆ
†
1)) + sin(ν
√
~
2Mω0
(aˆ2 + aˆ
†
2))
]}
−
∫ ∞
0
dν gν
√
~
2ων
{
(Aˆ†ν + Aˆν)
[
cos(ν
√
~
2Mω0
(aˆ1 + aˆ
†
1)) + cos(ν
√
~
2Mω0
(aˆ2 + aˆ
†
2)
]}
, (12)
where in H0, we have ignored from the irrelevant constant terms.
III. EQUATIONS OF MOTION
Using Heisenberg equations of motion we find the following set of coupled equations
Mx¨i(t) +Mω
2
0xi(t) =
∫ ∞
0
dν
(
yν(t)
∂fRν (xi(t))
∂xi(t)
− zν(t)
∂f Iν (xi(t))
∂xi(t)
)
, (13)
yν(t) = y
N
ν (t) +
∫ t
0
dt′
sin[ων(t− t
′)]
ων
[fRν (x1(t
′)) + fRν (x2(t
′))], (14)
zν(t) = z
N
ν (t)−
∫ t
0
dt′
sin[ων(t− t
′)]
ων
[f Iν (x1(t
′)) + f Iν (x2(t
′))], (15)
in the above equations, zNν (t) and y
N
ν (t) are the solutions to the homogenous equations of motion for the bath
oscillators given by
zNν (t) = z
N
ν (0) cosωνt+ p
N
ν (0)
sinωνt
ων
, (16)
yNν (t) = y
N
ν (0) cosωνt+ q
N
ν (0)
sinωνt
ων
, (17)
(18)
where
[zNν (0), p
N
ν′(0)] = i~ δ(ν − ν
′),
[yNν (0), q
N
ν′ (0)] = i~ δ(ν − ν
′). (19)
(20)
To proceed, choosing a suitable coupling function is necessary. Regarding the translational invariance of a homogeneous
medium we can assume [5]
fν(x(t)) = gν exp(iνx(t)), (21)
4where gν is the coupling strength and x(t) is the position of the oscillator with respect to a fixed point. In our case
the position of the oscillators are x1(t) and d+ x2(t) respectively. For this particular choice, the equations of motion
for the oscillators are
Mx¨1(t) +Mω
2
0x1(t) +M
∫ t
o
dt′ [χ(t− t′;x1(t)− x1(t
′))x˙1(t
′) + χ(t− t′;x1(t)− x2(t
′))x˙2(t
′)]
+
∂V (x1(t)− x2(t))
∂x1(t)
=MF1(t),
Mx¨2(t) +Mω
2
0x2(t) +M
∫ t
o
dt′ [χ(t− t′;x2(t)− x2(t
′))x˙2(t
′) + χ(t− t′;x1(t)− x2(t
′))x˙1(t
′)]
+
∂V (x1(t)− x2(t))
∂x2(t)
=MF2(t), (22)
where the response or memory functions χ(t− t′;xi(t)− xi(t
′)), (i = 1, 2) are defined by
χ(t− t′;xi(t)− xi(t
′)) =
∫ ∞
0
dν
ν2g2ν
ω2ν
cos[ων(t− t
′)] cos[ν(xi(t)− xi(t
′))],
χ(t− t′;x1(t)− x2(t
′)) =
∫ ∞
0
dν
ν2g2ν
ω2ν
cos[ων(t− t
′)] cos[ν(x1(t)− x2(t
′)− d)].
(23)
In Eqs. (22) an effective potential between oscillators is induced by the environment given by
V (x1(t)− x2(t)) = −
∫ ∞
0
dν
g2ν
ω2ν
cos[ν(x1(t)− x2(t)− d)], (24)
this potential is absent when we use minimal model for quantization. The noise forces Fi(t) are defined by
F1(t) = f1(t) +
∫ ∞
0
dν
νg2ν
ω2ν
[sin(ν(x1(t)− x1(0))) + sin(ν(x1(t)− x2(0)− d))] ,
F2(t) = f2(t) +
∫ ∞
0
dν
νg2ν
ω2ν
[sin(ν(x2(t)− x2(0))) + sin(ν(x2(t)− x1(0) + d))] , (25)
where
f1(t) = −
∫ ∞
0
dν νgν
[
y
N
ν (t) sin(ν(x1(t))) + z
N
ν (t) cos(ν(x1(t)))
]
,
f2(t) = −
∫ ∞
0
dν νgν
[
y
N
ν (t) sin(ν(x2(t) + d)) + z
N
ν (t) cos(ν(x2(t) + d))
]
. (26)
Using (26) and definitions (23), we find the fluctuation-dissipation relations
〈fi(t)fi(t
′)〉S =
∫ ∞
0
dν
ν2 g2ν ~
2ων
coth
( ~ων
2KBT
)
cos[ων(t− t
′)] cos[ν(xi(t)− xi(t
′))], (i = 1, 2),
〈f1(t)f2(t
′)〉S =
∫ ∞
0
dν
ν2 g2ν ~
2ων
coth
( ~ων
2KBT
)
cos[ων(t− t
′)] cos[ν(x1(t)− x2(t
′)− d)],
(27)
where
〈fi(t)fj(t
′)〉S = 〈
fi(t)fj(t
′) + fj(t
′)fi(t)
2
〉. (28)
In high temperature regime we recover
〈fi(t)fi(t
′)〉S = KBT χ(t− t
′;xi(t)− xi(t
′)), (i = 1, 2),
〈f1(t)f2(t
′)〉S = KBT χ(t− t
′;x1(t)− x2(t
′)). (29)
5To find more explicit relations let us assume the following form for the coupling function
g2ν = Aν
2 e
− ν
ν0 , (30)
where A is a constant and ν0 may be considered as a cut off on wave number or frequency, that is the oscillators
(main system) do not couple to bath oscillators with very high (also very low) frequencies or wave numbers. For this
choice, we find for the mutual potential induced between oscillators
V (u12) = −
Aν0
u20
1
1 + ν20 (u12 − d)
2
, (31)
where u12 = x1(t)− x2(t). Therefore, in such a medium the oscillators are attracted to each other with the force
F12(u12) = −
2Aν30
u20
u12 − d
[1 + ν20 (u12 − d)
2]2
, (32)
From definitions (23) and the coupling strength (30), we find for the memory functions
χ(t− t′;uii) =
Aν30
u20
[
1− 3ν20 u
2
ij,+
(1 + ν20 u
2
ii,+)
3
+
1− 3ν20 u
2
ii,−
(1 + ν20 u
2
ii,−)
3
]
,
χ(t− t′;u12) =
Aν30
u20
[
1− 3ν20 u
2
12,+
(1 + ν20 u
2
12,+)
3
+
1− 3ν20 u
2
12,−
(1 + ν20 u
2
12,−)
3
]
,
(33)
where for simplicity we have defined
uii,± = xi(t)− xi(t
′)± u0 (t− t
′),
u12,± = x1(t)− x2(t
′)− d± u0 (t− t
′). (34)
Since the oscillators are localized around the points 0 and d, in the argument of response functions (23) and the
noise force (25) we can approximately set x1(t) ≈ 0, x2(t) ≈ 0, for all t. This approximation is valid if the cut off on
frequency or wave number ν0 satisfies ν0 a ≪ 1, where a is the maximum of oscillator amplitudes. In this case, the
induced force between oscillators will be cancelled by the second term in the noise forces (25) and we will find
x¨1(t) + ω
2
0x1(t) +
∫ t
0
dt′ [χ(t− t′)x˙1(t
′) + χ(t− t′; d)x˙2(t
′)] = f1(t),
x¨2(t) + ω
2
0x2(t) +
∫ t
0
dt′ [χ(t− t′)x˙2(t
′) + χ(t− t′; d)x˙1(t
′)] = f2(t), (35)
where
χ(t− t′) =
∫ ∞
0
dν
ν2g2ν
ω2ν
cos[ων(t− t
′)], (36)
χ(t− t′; d) =
∫ ∞
0
dν
ν2g2ν
ω2ν
cos[ων(t− t
′)] cos(νd). (37)
Equation (36) is a cosine transform and from its inverse we find
g2ν =
2ω2ν
piν2
∫ ∞
0
dt χ(t) cos(νt), (38)
so the coupling strength gν can be determined if the memory function χ(t) is given. To decouple the equations (35)
we define the new variables
R(t) =
x1(t) + x2(t)
2
,
Z(t) = x2(t)− x1(t), (39)
6note that these variables are not center of mass and relative distance of oscillators since x1 and x2 are defined as
oscillations around the equilibrium positions x = 0 and x = d, respectively. In terms of these variables we have
R¨(t) + ω20R(t) +
∫ ∞
0
dt′ χR(t− t
′; d) R˙(t′) = FR(t),
Z¨(t) + ω20Z(t) +
∫ ∞
0
dt′ χZ(t− t
′; d) Z˙(t′) = FZ(t), (40)
where for simplicity we have defined
FR(t) = (f1(t) + f2(t))/2,
FZ(t) = f2(t)− f1(t),
χR(t− t
′; d) = χ(t− t′) + χ(t− t′, d) =
∫ ∞
0
dν
2ν2g2ν
ω2ν
cos[ων(t− t
′)] cos2(νd/2),
χZ(t− t
′; d) = χ(t− t′)− χ(t− t′, d) =
∫ ∞
0
dν
2ν2g2ν
ω2ν
cos[ων(t− t
′)] sin2(νd/2). (41)
The dissipation-fluctuation relations for the new variables in high temperature regime are
〈FR(t)FR(t
′)〉S =
1
2
KBT χR(t− t
′; d), (42)
〈FZ(t)FZ(t
′)〉S = 2KBT χZ(t− t
′; d). (43)
Equations (40) can be solved formally using Laplace transform technique as
R(t) = ξ+(t)R(0) + η+(t)R˙(0) +
∫ t
0
dt′η+(t
′)FR(t− t
′),
Z(t) = ξ−(t)Z(0) + η−(t)Z˙(0) +
∫ t
0
dt′η−(t
′)FZ(t− t
′), (44)
where
η±(t) = L
−1
[
1
s2 + s[χ˜(s)± χ˜(s, d)] + ω20
]
ξ±(t) = L
−1
[
s+ χ˜(s)± χ˜(s, d)
s2 + s[χ˜(s)± χ˜(s, d)] + ω20
]
, (45)
these equations for physical memory functions are complicated to be solved analytically and numerical calculations
should be applied. An interesting feature about equations (40) is that we can not choose both memory functions χR
and χZ to be memory less or Markovian, since the response functions χR and χZ are not independent. One can find
χ(t : d) in terms of χ(t) from definitions (36, 37) easily.
IV. OHMIC DAMPING
In response functions (35), let us assume the following coupling
g2ν =
u30γ
pi
, (46)
a more physical coupling function will be considered in the following. The corresponding memory functions are
χ(t− t′) = γ δ(t− t′), (t > t′), (47)
χ(t− t′; d) =
γ
2
δ(t− t′ − d/u0), (t > t
′). (48)
Inserting the memory functions (47, 48) into equations (35) we find
x¨1(t) + ω
2
0 x1(t) +
γ
2
x˙1(t) = f1(t)−
γ
2
x˙2(t− τ0), (49)
7x¨2(t) + ω
2
0 x2(t) +
γ
2
x˙2(t) = f2(t)−
γ
2
x˙1(t− τ0), (50)
where we have defined a characteristic time τ0 = d/u0 and made use of
∫ t
0 dt
′ δ(t− t′) = 1/2, since t is on the border
of the interval [0, t]. From equations (49, 50) it is seen that the oscillators feel each other after a retardation time τ0
as expected. For weak coupling regime γ ≪ ω0, we can solve equations (49, 50) as series in γ, in large time regime
we find
x1(t) =
∫ t
0
dt′G(t− t′) f1(t
′)−
γ
2
∫ t
0
dt′
∫ t′
0
dt′′
∂
∂t′
G(t′ − t′′) f2(t
′′),
x2(t) =
∫ t
0
dt′G(t− t′) f2(t
′)−
γ
2
∫ t
0
dt′
∫ t′
0
dt′′
∂
∂t′
G(t′ − t′′) f1(t
′′), (51)
where
G(t− t′) = Θ(t− t′) e−γ(t−t
′)/4 sin[Ω (t− t
′)/4]
Ω/4
, (52)
is the Green’s function of the damped harmonic oscillator and Θ(t) is the Heaviside step function. From equations (51)
one can find correlation functions 〈xi(t)xj(t
′)〉 using fluctuation-dissipation relations (27). As we already mentioned,
ohmic case is an idealized situation in real physical world, there is always a microscopic time scale for inertia effects in
the reservoir [23]. The simplest generalization is to regularize the damping kernel to the so-called Drude regularization
χ(t) = γωDΘ(t) exp(−ωDt), (53)
for which τD = ω
−1
D is Drude memory time. In the limit of ω0 ≪ ωD, the reservoir behaves like an ohmic one. With
this choice, using (38) the coupling strength becomes
g2ν =
2γu30
pi
1
1 + λ2Dν
2
, (54)
where λD = u0/ωD. The memory function χ(t; d) can also be obtained as
χ(t; d) =
γωD
2
[e−ωD|t+d/u0| + e−ωD|t−d/u0|], (55)
note that when d → 0, we recover (53), also in the limit d → ∞, we have χ(t; d) → 0, that is oscillators are not
correlated in this case as expected.
V. CONCLUSION
To remedy the deficiency of minimal coupling method in describing two independent quantum particles interacting with
a common medium, a scheme is introduced which is consisting with the previous methods. In this scheme medium or
heat-bath is modeled by a continuum of complex fields or equivalently two independent real scalar fields. A Lagrangian
for the total system is introduced and quantization is achieved in the framework of canonical quantization approach.
An induced force between the particles of the main system is obtained which is originated from the fluctuations of the
medium. The memory or response functions are introduced and fluctuation-dissipation relations are obtained. The
Ohmic regime and Drude’s regularization is discussed and approximate positions of localised oscillators are obtained
in large time limit for weak coupling regime.
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